Generalized fixed-point algebras 



of certain actions on crossed products. 



Beatriz Abadief] 

Abstract: Let G and H be two locally compact groups acting on a C*-algebra 
A by commuting actions A and a. We construct an action on A x \ G out of a 
and a unitary 2-cocycle u. For A commutative, and free and proper actions A and 
a, we show that if the roles of A and a are reversed, and u is replaced by u* , 
then the corresponding generalized fixed-point algebras, in the sense of Rieffel, are 
strong-Morita equivalent. We apply this result to the computation of the K-theory 
of quantum Heisenberg manifolds. 

Introduction. Given two commuting actions A and a of locally compact 
groups G and H, respectively, on a C*-algebra A, we study the action 7 "'" 
of H on A X\ G denned by 

(r h ' u $)(x)=u(x,h)a h (Hx)\ 

where G C C (G,A), h € H, x € G, u(x,h) is a unitary element of the 
center of the multiplier algebra of A, and u satisfies the cocycle conditions 

u{x\X2i h) = u(xi, h)X Xl (u(x 2 , h)) and u(x, hih 2 ) = u(x, ^1)07^ (u(x, ^2))- 

The study of this situation was originally motivated by the example of quan- 
tum Heisenberg manifolds ( |Rf 5| ) , which can be described as generalized 
fixed-point algebras ( [ |Rf 4[ ) of actions of this form, when A = Co(R x T), 
and G = H = Z. 

This work is organized as follows. In Section 1 we define the action 7 CT,U 
and show that for G and H second countable, and A separable, the crossed 
product A x\ G x 7 <r,u H is isomorphic to a certain twisted crossed product 
of the algebra A by the group G x H. 

In Section 2 we assume that the algebra A is commutative and show 
that for free and proper actions A and a, the generalized fixed-point algebra 
of A x^ G under r y a,u and that of A x a H under 7 A,U are strong-Morita 
equivalent. 

1 This work is a generalization of part of the contents of the author's Ph.D dissertation 
submitted to the University of California at Berkeley in May 1992. 
1991 MR Classification: Primary 46L55; Secondary 46L80, 46L87. 



In Section 3 we apply these results to show that the K-groups of the 
quantum Heisenberg manifolds do not depend on the deformation constant. 
This enables us to compute them, by calculating them in the commutative 
case. 

In what follows, for a C*-algebra A, A4(A) denotes its multiplier algebra, 
2(A) its center and U(A) the group of unitary elements in A. All actions 
of locally compact groups on C*-algebras are assumed to be strongly con- 
tinuous. All integrations on a group G are with respect to a fixed left Haar 
measure fie with modular function A^. 

1 Actions on crossed products. 

For locally compact groups G and H acting on a C*-algebra A by commuting 
actions A and a, respectively, and a 2-cocycle on G x H, we define an action 



7 "'" of H on A Xx G. We show in Proposition 1.3 that, when A is separable, 
and G and H are second-countable, the crossed product A X\ G x 7 <r,« H is 
a twisted crossed product of A by G x H. 

Proposition 1.1 Let G be a group acting on a C*-algebra A by an action 
A, and let v : G — > UZM(A) verify the cocycle condition 

v(xy) = v(x)X x (v(y)). 

Let a € Aut(A) commute with A, and, for $ £ C C (G,A), define 

(7 CT '^)(x) = v(x)a($(x)). 

Then j a > v extends to an automorphism on A x\G. 

Proof: 

Let (IT, V) be a covariant representation of the C*-dynamical system 
C*(G, A, A) on a Hilbert space H, and let II x U denote its integrated form. 
Let LT " denote the representation of A on H defined by IT 7 (a) = H(a(a)), and 
let V be the unitary representation of G on 7i given by V x = U(v(x))V x , 
where IT also denotes its extension to Ad. Then (IT 7 ,V) is a covariant 
representation of C*(G, A, A): for x € G, and a E A we have 

V x U a (a)V x -i =U(v(x))V x U(a(a))U(v(x- 1 ))V x -, = 
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= n( U ( 2 ;))n( C TA 1 .(a))n(A x . U ( a ;- 1 )) = W(X x (a)). 

We now show that for <I> in C C (G, A) we have that (II x V)(j' T ' v G>) 
= (IT " x V)(<&), which ends the proof: for any £ in Li, we have 



[(UxV)(r' v n(0 = / IL[('f' v *)(x)]V x £dx = / TL(v(x))IL[(<j$)(x)]V x £dx 
Jg Jg 

n°Mx)]v x tdx = [(ir x v)(*)](0- 

Q.E.D. 



G 



Proposition 1.2 Assume that G, A, and A are as in Proposition LI and 
that H is a locally compact group acting on A by an action a commuting 
with A. Let 

u:Gx H — > UZM(A) 
be continuous for the strict topology in A4(A), and satisfy 

u(xy,h) = u{x,h)X x u{y,h) and u{x, hg) = u(x, h)ahu(x, g), 
for x,y G G and h,g G H. For h G H and $ G C C (G, A), let 

(rt u $)(x)=u(x,h)o- h (<Z>(x)). 
Then h i— ► 7^ is a (strongly continuous) action of H on A x> G. 

Proof: 

By Proposition [O] we have that -jh G Aut(A X\G), for all h G H. 
Besides, the cocycle condition implies that 7^ $(z) = j^' Ur y^' u ^(x). 
Finally, h 1— > 7h' U< £ is continuous for any $ G C C (G, A): 

K' u * - iZnA, X G < \hi' u * - tJE^iuw) = 

|«(x,/i)(7ft($(a;)) - /io)<7 fco ($(x))mdx < 

G 

< / \\a h (<f>(x)) -a ho (<f>(x))\\ A + \\(u{x,h) - u(x,ho))a ho ^(x))\\ A dx, 

J supp(&) 

which converges to when h goes to ho, because u is continuous, and a is 
strongly continuous. 
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Q.E.D. 



Next Proposition shows that the double crossed product A X\G x 7 <r, u H is 
isomorphic to a twisted crossed product. Since twisted crossed products are 
defined for separable algebras and second-countable groups, we add these 
conditions. 



Proposition 1.3 Let G, H, A, u, X, a and 7 "'" be as in Proposition l.L 
If A is separable and H and G are second-countable, then AxxG x^,u H 
is isomorphic to the twisted crossed product A X(\,a),U (G x H), where 

(\°~){x,h){ a ) = Ko-h{a) and U((x , ho), [x x , hi)) = A a;o (u(xi, ho)). 
Proof: 

First notice that ((A, a), U) is a twisted action of G x H on A: conditions 
a), b) and c) in |PR| , Def. 2.1] are easily checked, and, for (xQ,ho), (x±,hi), 
and (x2, /12) in G x H, we have 

( A 5 cr )(a;o,/io)[ C/ (( 2; l' /l l)' (. x 2,h2))]U((x ,h ), (xiX 2 ,hlh 2 )) = 

= K o-h ^x 1 (u(x2,h 1 ))X XQ (u(x 1 X2,ho)) = X Xo x 1 (.u(x2,hohi))X XQ (u(x 1 ,ho) = 
= U((x xi, hohi), {x2,h2))U((xo, ho), {xi, hi)). 
We now construct maps 

iA ■ A — > M(A x A G Xjcr,u H) and icxH ■ G x H — > UM(A x x G x y <r,u H) 

satisfying 

i A ((\,o-)( Xth )(a)) = i GxH (x,h)i A (a)i GxH (x,h)* and 

iGxH(x , h )i GxH (x 1 , ht)) = i A (U((x , h ), (x 1} h 1 ))i GxH (x xi, h hi), 

for all Xi € G, hi € H, and a € A. 

If a is an action of a group K on a C*-algebra B, b € M(B), and \x is a 
bounded complex Radon measure with compact support on G, , let M(b, (i) 
denote the multiplier of B x a K defined by 

(M(b,fi)f)(t) = b [ a s (f(s-H)W(s), 

JK 
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fpr feC c (K,B). 
Now define 

i A (a) = M(M(a,6 lG ),6 lH ) and i GxH (x, h) = M(M(1 A , S x ), 6 h ), 

where St denotes the point mass at t. 

For / G C C (G x H,A), explicit formulas are given by: 

(i A (a)f)(x, h) = af(x, h), and 

(iGxn(xo, h )f)(x, h) = u*(x , h )u(x, h )X XQ a ho {f(xQ 1 x, h^h)). 
It follows that 

(*Gxif( x o, ho)f)(x, h) = u(x, hQ 1 )a h -i\ x -i(f(x x, h Q h)). 
The pair (i A , igxh) is covariant: 

(iGxH(xo, h )i A (a)i* GxH (x , h )f)(x, h) = 
= u*(x ,h )u(x,h )X Xo a ho [au(xQ 1 x,hQ 1 )a h -i\ x -i(f(x,h))] = 
= (i A (X xo a ho (a))f)(x,h), 

and 

(iGxH(xo,h )i GxH (x 1 ,h 1 ))(x,h) = 

u* (x ,ho)u(x,ho)X Xo a ho [u* (x 1 ,h 1 )u(xQ 1 x,h 1 )X Xl a hl (f(xi 1 XQ 1 x,h^ 1 hQ 1 h))} = 

= X Xo u(x!, h Q )u*(x Q xi, h Q hi)u(x, h G hi)X XoXl a hohl (f(x^ l x Q l x, h^h^h)) = 

= U((x ,ho), {xi,hi))iGxH{(xoxi,h h 1 )f)(x,y). 

We next show that for any covariant representation (II, V) of (A, G x H, (A, a), U) 
on a Hilbert space Tt there is an integrated form UxV on Ax\G x^,u H. 
Let Vg and Vh be the restrictions of V to G and H, respectively. Then 
(II, Vq) is a covariant representation of (A, G, X) and, if II x Vg denotes its in- 
tegrated form, then (II x Vq, Vh) is a covariant representation of (A x A G, H, 7°"'"). 
So II x Vq x Vh is a non-degenerate representation of A x\ G x 7 <r,« H and 

n = II x Vq x Vh ° %a and V = UxV G xVh ° i Gx H- 

Finally, the set {i A x i Gx H{f ) ■ f G L?-{G x H, A)}, where 

[iA x iGxH{f)]{x,h) = / u[/(x,/i)]z Gxff (a;,^)cZ(x,y) 

JGxH 

is a dense subspace of A x x G x 7 <x,« H, which ends the proof. 

Q.E.D. 
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2 The generalized fixed-point algebras. 



With the example of quantum Heisenberg manifolds in mind, we now discuss 
the situation described in Section [l] in the case of some particular actions A 
and a on a commutative C*-algebra Cq(M). We prove that if the action a 
is proper, then so is 7°"'" (in the sense of [ |Rf4| | ) , and that if a is also free then 
7 "'" is saturated ( |Rf4| ) , Besides, for A and a free and proper, the general- 
ized fixed-point algebras under 7 "'" and 7 A > U * respectively are strong-Morita 
equivalent. 

More specifically, we show that the space C C {M) can be made into a dense 
submodule of an equivalence bimodule for the generalized fixed-point alge- 
bras. Part of this is done by adapting to our situation the techniques of 
Ff3l , Situation 10]. 

Assumptions and notation. Throughout this section M denotes a locally 
compact Hausdorff space, and (3M its Stone-Cech compactification. The 
groups G and H act on M by commuting actions A and a, respectively. In 
this context, if T denotes the unit circle, the cocycle u of Section [l] consists 
of continuous functions u(x, h) : M — > T, for (x, h) G G x H, such that, for 
any / £ Cq{M) the map (x,h) — > u(x,h)f is continuous for the supremum 
norm. As in Section [l] we require the cocycle conditions: 

u(xiX2, h) = u(x±, h)X Xl u(x2, h) and u(x, /11/12) = u(x, /ii)cr/ ll n(x, /12), 

for x, Xi 6G and h, hi 6 H. Notice that if these conditions are satisfied for 
u they also hold for u* . We denote by 7 <T,U and 7 A '" the actions of H and 
G on Co(M) X\G and Cq(M) x ff H respectively, as defined in Proposition 

o. 

Proposition 2.1 In the notation above, if a is proper, so is the action 7 <T,U 
of H on Cq(M) x\G. The generalized fixed-point algebra D a,u ofCo(M)x\G 
under j CT,u consists of the closure in M.{Cq{M) X\G) of the linear span of 
the set {P ayU (E* * F) : E,F <E C C (M x G)}, where P a ^ u denotes the linear 
map P CTjU : C C (M xG)-> M(C (M) x A G) defined by ' 

(P a , u (F))(m,x)= [ {^ u {F)){m,x)dh, 

for F G C C {M x G), and (m, x) £ M x G. 
Furthermore, P a ^ u satisfies 

i) P«, U {F*) = Pa,u( F T 
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ii) P<j,u(F) > 0, for F > 0, where F and Pj jU (P) are viewed as elements 
ofM(C '(M) X\ G). 

in) P a , u (F * $) = P a ,u{F) * $ and P ff , u ($ * F) = $ * P a , u {F), 
for any 6 .M(Go(M) x A G) carrying C C (M x G) into iise// and suc/i t/iai 
7 £ u ($) = ^ for any he H. 

Proof: 



We check conditions 1) and 2) of |Rf|, Def. 1.2]. Let P = C C (M x G) 



Then B is a dense *-subalgebra of Cq{M) x a G, and it is invariant under 

We now show that, for E,F € P, the map h — > P * 7?' (P*) is in 
L^P, C (M) x A G). For (m, x) <E M x G we have 

W)KM = / *,)Hf',*)l(V*W»,.^rt*. 

Since cr is proper and supp(E) and supp(F) are compact, then the set 

{h £ H : a h -iX x -im £ suppm(F) for (m, x) E suppm(E)xsuppg(E)suppg(F)~ 1 } 

is compact. Therefore h^E* J% U (F*) and ft -> A~ 1/2 (/i)P * 7^*"(P*) are 
in G C (P,P) ^L l {H,M{C Q {M) x A G)). 

For P € P and mo € M, let JV be a neighborhood of mo with compact 
closure. Then there exists a compact set K in H such that 

P CT , u (P)(m,x) = / fr^iOKz)^, 



K 

for all (m, x) £ iV x G, which shows that P CTiU (P) is continuous. Since 
suppa(Pa,u(F)) is compact, then P a ^ u (F) is bounded on suppm(F) x G. 
Besides, for all (m,x) € M x G and h & H, we have |Pj jU P(m,x) = 
iPr^P^mjx)!, and supp M {Pa,u{F)) c o- H {supp M {F)). 
Therefore P a)U (F) £ C C ((3M x G) C A4(G (M) x A G), and, as a multiplier, 
Pcr,u{F) carries P into itself. 

Notice now that the fact that h -> P * 7^'"(P) is in L 1 (P,G (M) x A G) 
implies that the integral f H ^ u {F)dh makes sense as an integral in the 
completion of Ai(Co(M) x A G), viewed as a locally convex linear space, for 
the topology induced by the set of seminorms {|| \\p : F £ B}, where 

= ||P * ®\\c (M)x x G + ||$ * P|lc (M)x A G 
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for $ GM{C {M) x x G). 

A straightforward application of Fubini's theorem shows that 



(E * rt u (F))(m, x)dh = (E * P CTjU (F))(m, x), 
for any E, F E B, (m, x) E M x G, and it follows that 

/ rf u (F)dh = P a , u (F), 
in the sense mentioned above. 

Also, since the positive cone is closed, and involution and the extension of 
7°"'" are continuous for the topology of M.{Cq{M) x\G) defined above, P a ^ u 
satisfies i), ii), and iii) stated above. 

Set now < E,F > a = P a<u (E* * F), for E, F E B. We have shown that 
yr,« j g p r0 p er _ xhe generalized fixed-point algebra D a,u ( |Rf4| , Def.1.4]) of 
Cq(M) x\G under 7°"'" consists of the closure in M(Cq(M) X\G) of the 
linear span of the set {< E, F > a : E, F E B}. 

Q.E.D. 



Lemma 2.2 Assume that a is proper and let {&n,c,k} be a net in 

C C (M x G x H), indexed by decreasing neighborhoods N oflcxH, decreasing 

e > 0, and increasing compact subsets K of M , satisfying 

i) suppGxH(®N,e,K) c N 

ii) I IgxH ^N,e,K(m, x, h)dxdh — 1| < e, for all m E K 

iii) There exists a real number R such that Jq x h |<3?7v j(Ej _K-(m, x, h)\dxdh < 
R, for all m E K, and for all K, e and N . 

Then {&N,e,K} is an approximate identity for C C (M x G x H) C 
Cq(M) X\G x 7 <t, u H in the inductive limit topology. 

Proof: 

Let V G C C (M x G x H) and 5 > be given. Then 

\($N,e,K *V-y)(m,X,h)\ < 

< I / [u^k) { rnHx,k) {m) -^ 
JHxG 
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+ | / $iVe Jf( m > k)dydk — l||*(m, x, h)\+ 
JHxG 

+ | / &N,e,K(m,y,k)[^(a) c -i\ y -im,y~ 1 x,k~ 1 h) — ^(m,x,h)]dydk\ < 5, 



v 

HxG 

for appropriate choices of e and N. 

Q.E.D. 

Proposition 2.3 If the action a is free and proper, then r y a ' u is saturated. 
Proof: 

Let J denote the ideal of C*(H,Cq(M x^G)) consisting of maps h * 
A H 1/2 (h)E * 7^' n (F*), for B,F e C C (M x G). In order to show that J 
is dense in C*(H,Cq(M) x\G)) we prove that J contains an approximate 
identity for C C (M x G x H). 



Let N, e, and K as in Lemma 2.2 be given. We assume without loss of 



generality that the closure of iV is compact. Fix an open set U with compact 
closure such that K C U. Choose neighborhoods Nq and Nh of 1q and 1#, 
respectively, such that Nq x Nh C iV, |Ag(x) — 1| < ei for all x G Nq and 
h)(m)u(x, h)(m) — 1| < eg, for all /i 6 Nn,m £ U, x,y £ V, V being 
a fixed open set with compact closure containing Nq, and for some e\ and 
€2 to be chosen later. 

The action of G x H on M x G defined by (x, h)(rn, y) = {\ x Ohm, xy) is 
free and proper, so for each (m, y) G K x iVc* we can choose ( [|Rf3| , Situation 
10]) a neighborhood U( m ,y) C C7 x V of (m, y) such that 

{(x,/i) : (x»(C/ (miS/) ) n I7 (m)y) ^ 0} C iV G x JV H . 

Take a finite subcover {Ui, U 2 , ■ U n } of {U( m ,y)} (m,y)eKxN^ and ' for each 
i = 1, n, let Fj G C+(MxG) be such that supp(Fi) C f/j, and J G £^ ^H m ' 
1 for all m G if. 



Now we can find ( |[Rf3l Situation 10]) functions G; G C+(M x G) such 
that supp(Gi) C supp(Fi), and 



\Fi(m,y) - Gi(m,y) Gi(X x -ia h -im, x y)dxdh\ < e 3 , 

for all (m, y) € M x G, and some £3 to be chosen later. 
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Now set 



<b N ^ K {m,x,h)=Y J ^H l/ \h)[G l * 1 l> u {G*){m,x). 



Then, 



I $jve K(m,x, h)dxdh — 1 

flxG 




JGxGxH 



/ F i {m,y)dy\ < 



i 




~r JV JGxH 




JV JGxH 



for appropriate choices of ei, £2, and 63. 

Besides, supp{<&N,e,K) C Afc x A# C A 7 ". Finally, a similar argument shows 
that from some Nq and eo on we have 



Assumptions. We next compare the generalized fixed-point algebras ob- 
tained when the roles of a and A are reversed. That is why we require 
symmetric conditions on these two actions. So, we assume from now on 
that both A and a are free and proper actions. 

Notation. Let C CT ' M denote the subalgebra of M(Cq(M) x^G) consisting of 
functions $ £ C C ((3M x G) such that the projection of suppui^) on M/H 
is precompact and 7^' M< ^ = 3> for all h £ H. 

Remark 2.4 Notice that, for F G C c (MxG), we have that suppM{Pa,uF) C 
gh{suppm{F)), and therefore C a,u contains the image of P a ,u- 




<&N,e,K(m->x,h)\dxdh < R, 



for some real number R, and all m <G K. 



Q.E.D. 
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Lemma 2.5 Let {<I>Ar j(E } be a net in C a ' u , indexed by decreasing neighbor- 
hoods N 0/ lc?, increasing compact subsets K of M , and decreasing e > 0, 
and such that 

1) SUpp G {$N,e,K) C N 

2) I J G A 1 J 2 (x)^ N ^(m, x)dx - 1| < e for all m G K. 

3) There is a real number R such that f G |$Ar !£ (m, x)\dx < R, for all 
m G K, and for all N and e from some Nq and eo on. 

Then {&n,c,k} is an approximate identity for C a ' u . 

Proof: 

Let Vl/ G C a ' u and 5 > be given. Fix a neighborhood N' of Iq with com- 
pact closure, and let K' C M be a compact set such that II// (suppM^) C 
Hh(K'), where Hh denotes the canonical projection on M/H. 



As in Lemma 2.2, we can find iVo C N', eo, and Kq such that, from Nq, 



eo, and Kq on, we have 

\(<S>N,e,K*^ -*)(m,a?)| <<5, 

for all m G Xj^i(K'). 

Therefore, if m G supp(&N,e,K * ^ — then we have that o^m G 
Xn'(K'), for some h £ H. On the other hand we have that 

|(*tf,e,x- * * - *)(<r h m,x)| = \{®N,e,K * * - *)(m,x)|, 

for all /i G if, m G M, and x £ G, because $Ar, e ,K and ^ G C" 7 '". This 
shows that | (*Ar,e,l<r * * — *)(m,x)| < 5 for all m G M. Therefore $N,e,K * * 
converge to \& in the multiplier algebra norm. 

Q.E.D. 



Remark 2.6 Notice that Lemma \2.3[ above also holds, with a similar proof, 
if condition 2) is replaced by 

®') I Ig ^n,<e,k{™-, x)dx — 1| < e for all m G K . 



Proposition 2.7 T/ie generalized fixed point algebra D a,u is the closure in 
M(C (M)x x G) ofC^ u . 
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Proof: 



In view of property iii) in Proposition 2.1, it suffices to show that the 
span of the set 

{P a>u {E* * F) : E, F G C C (M x G)} 
contains an approximate identity for C a,u . 

For a given compact set if C M, let us fix an open set U of compact clo- 
sure containing if. Then the set L = {h G H : a^fn G U for some m G K} 
is compact. 

Let N be a given neighborhood of 1q and e > 0. As in [RJ2, Sit. 10, 
first lemma], we can take an open cover {U\, U2, U n } of if, such that 
Ui C U and C/j n X x Ui / only if x G AT. For each i = 1, ...,n, let Hi G 
G+(M x G?) be such that supp(Hi) C (7, x JV, and J2iHi is strictly positive 
on if x lg. Then J2i IhxG -^i(°7i- im > y)dhdy > for all m G if. Therefore, 
we can find functions Fi G G+(Af x G) such that supp(Fi) C supp{H.{) 
and f HxG Fi(o~h-im,y)dhdy= 1 for all m £ if. Now, the action of G on 
M x G given by a x (m,y) = (X x m,xy) is free and proper, so the second 
lemma in |Rf3| , Situation 10] applies and for each i = 1, ...,n we can find 
Gi G G+(M x G) such that supp(Gi) C supp(Fi) and 

|F, Ks )-G,(», 5 )f C ,(V im , I -'^|< J /, 

•/ G 

for all m G M, y G G, and some positive number 5 to be chosen later. Set 
now $N,e,K = Ei=i Pa,u{Gi * Jj), where Ji(m,x) = Gi{X x -im,x~ l ). We 
have 

®N,e,K(m,x) u(x,h) G i (o- h -im,y)G i (o- h -iX x -im,x~ 1 y)dy, 

i Jh Jg 

so, since supp(Gi) C supp(Fi), it follows that suppc(&N,e,K) ^ A/". 
Besides, if m G if, 

I / ®N,e,K(m,x)dx - 1] = 

= 1X1 / / [ u { x i h ) G i{ a h-t m iy) \ G i (a h -iX x -im,x- 1 y)dx-F i (a h -im,y])dydh\ 
^JHJG JG 

for a suitable choice of 5, if A" is chosen to have |k(x,/i) — 1| small enough 
for all x G AT and /i G L. 

Finally, from some eo and AT on, / G |<l>Ar jej if (m, < i?, for some real 

number R and all m G if . 

Then, by Remark pjl, {<&n,e,k} is an approximate identity for C a ' u . 
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Q.E.D. 



We will later make use of the following variation of the construction in 



the proof of Theorem 2.7. 



Remark 2.8 The span of the set 

{P a , u (F) : F(m,x) = A- 1 / 2 (i)e i (m)e i (A I -im), e G C C (M)} 
contains an approximate identity for Ca,u. 

Proof: 

In the notation of Proposition |2.7| , let {f{\ C C+(M) be such that 
supp(fi C Ui, and J H J2i fi(,°~h- im ) > 0, f° r an m £ K. Since the ac- 
tion A is proper we can get gi G C+(M) such that supp(gi) C supp(fi) and 
\fi(m) — gi(m) f G gi{\ x -\m)dx\ < 5 for all m G M and a given positive num- 

— 1/2 

ber <5. Then, if we let Lj(m, x) = A G (x)gi(m)gi(\ x -im) we have that, for 
an appropriate choice of 5 in terms of e, the function <&N,e,K = Z)j P(i,u{Li) 
can be shown (by an argument quite similar to that in Proposition to 



satisfy the hypotheses of Lemma 2.5. 



Q.E.D. 

Notation. We denote by a < , > and < , >a the C C (M x G)-valued maps 
defined on C C (M) x C C (M) by 

— 1/2 

A < f,9 > (m,x) = A G (x)f(m)g(X x -im) 

and < /, g > A (m, x) = A G (x)f(m)g(X x -im), 
where f,g G C c (Af). 



Remark 2.9 It is a we// known result ( Iflffy , Situation 2]) that C C (M) is a 
left (resp. right) C C (M x G)-rigged module for \ < , > (resp. < , >\) and 
the actions given by: 

($./)(m)= / A 1 J 2 (y)^(m,y)f(X y - 1 m)dy 

J G 



13 



and (/•$)(m)= / A G 1/2 (y)<S>(\ y -im, y l )f{\ y -im)dy, 

J G 

for <3? G C C [M x G) is easily checked that, by taking $ <E C c (j3M x G) 
in the formulas above, one makes C C {M) into a C c (f3M x G) -module with 
inner product. Of course it is no longer a rigged space because the condition 
of density fails. 



Proposition 2.10 Let C a > u C C c (f3M x G) act on C C {M) on the left and 
on the right as in Remark \2. 4 For f,g G C C {M) define 

< f,g >D°>*= Pa,u{< f>9 >a) and D *,u < f,g>= Pcr, u {\< f,g >)• 

Then C C (M) is a left (resp. right) C a ' u -rigged space with respect to d<?,u < , > 
(resp. < , >£)<t,u). 



Proof: 



The density condition follows from Remark All other properties 
follow immediately from the fact that \ < , > and < , >a are inner prod- 



ucts and from Remark 2.4 and properties i), ii), and iii) of P a ^ u shown in 



Proposition [2.1 



Q.E.D. 



We are now ready to show the main result of this section. 



Theorem 2.11 Let A and a be free and proper commuting actions of lo- 
cally compact groups G and H respectively on a locally compact space M . 
Let u be a cocycle as in Proposition 1A . Then the generalized fixed-point 
algebras D a,u and D x,u * of the actions 7°"'" and r ) X ' u * on C$(M) x x G and 
Cq(M) x a H, respectively, are strong-Morita equivalent. 



Proof: 



By Proposition 2.10 , C C (M) is a left C CT '"-rigged space and a right C x,u * - 
rigged space under 

($-/)(m) = J A 1 ( / 2 (y)$( y m,y)f(\ y -im)dy , D „, u < f,g>= Pa,u(x< f>9 >), 
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HJG 



(/■*)(m)= / A/(ft)*(ff h - 1 m ) h- 1 )/K- 1 m)d/ ll 

and < f,g > D \,u*= P\, u *(< f,g 
where /,j€ C C (M), $ G C a - U and * € C A ' U *. 

Then C C (M) is an C a,u -C x,u bimodule: for <£, $ and / as above we have 

[($./)• (m) = 

/ / A H 1/2 (/ l )A^ /2 (y)vI/( ( T /l -im>- 1 )cI>(^- 1 m,y)/K-iA J/ - 1 m)^/ l = 

J H J G 

a j? (M^g (y)*( cr ft- 1 \- im >^ - )${m,y)f{a h -i\ y -im)dydh = 

= [*.(/• *)](m). 
Besides, for e,f,g£ C C (M), we have 

(r>*,«< e,/ > -p)(m) = J^J^u(y,h)e(a h -im)J(X y -ia h -im)g(X y -im)dhdy = 

= (e < f,g > D x,u*)(m). 

We now prove the continuity of the module structures with respect to the 
inner products. 

Fix a measure /U of full support on M. Then, by [Phi 6.1] and |Pd| , 7.7.5], 
we have faithful representations II of C" 7 '" on L 2 {M x G) and O of Im(P\ jU * 
on L 2 (M x ff) given by 

( n,()(-» lI )=/*(V..^,f' I )fe 

JG 

azul(e^)(m,fc)=/*(^ TO>Jfe ) I7 ( TO)Jfe -i fc ) dfc , 
./if 

where $ G C" 7 '", e C A -"*, £ G L 2 (M x G) and r? G L 2 (M x if). 
Now, for / G C C (M) and 77 G L 2 (M x F) 

< @ <f,f> D x,u* r liV >L*{MxH)= 

/ crft-i 0* (2/, &)) A # (k)J(\y-icr h m) . 

JMxGxHxH 

.f(X y -ia k -i h )r](m, /c _1 /i)rj(?n, h)dkdhdydm = 

= \W,v)\\ 
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where £(/, r/) G L 2 (M x G) is given by 

{i{f,V)){ r n,x)= I u*(x,h' 1 )A H 1/2 (h)f(X x -ia h m)r](m,h)dh. 

J H 

Then, if $ G C a > u 

[£($ • /,7?)](m,x) = 

1 1/2 1/2 

u*(x,h~ )A H ' (/i)A G 7 (y)^(X x -ia h m,y)f(X y -i x -ia h m)r](m,h)dhdy 

G j H 

= (UU*UZ(f,Ti))(m,x), 
where f7 denotes the unitary operator on L 2 (MxG) defined by (U£)(m, x) = 

Thus we have 

< Q<*.f,*. f > DX , u *v,v>L*(MxH)= \m • f,v)\ 2 = \\uu^uaf,v)\\ 2 < 

< \M 2 U(f,v)f = ll^ll 2 < ®<f,f> DX , u *V,rj>L*(MxH), 
and it follows that 

< $ • /,$ •/ > D X,u*< ||$|| 2 < f,f> D X,u*, 

as elements of D x,u * . Analogously, one shows that, for / 6 C C (M) and 
f G L 2 (M x G) 

< n DCT ,«</,/>^C >L 2 (MxG) l^(/> 6 l| 2 > 

for some rj(f,^) G L 2 (M x ff), and that, for ^ G C A,U * one has 

ri(f ■*,£) = (VQv.V)(ri(f,S)), 

where V denotes the unitary operator in L 2 (M x H) defined by 
(Vr))(m,h) = A^ 2 (h)ri(m,h~ 1 ). It follows that 

D *,u </•*,/•*>< \\®f D «,u </,/>, 

as elements of D a,u . 

Thus, we have proven that C C (M) is an C a ' u — C x,u * equivalence bimod- 
ule. Now, if we define on C C (M) the norms 

\ 2 D a,u = \\ D *.u </,/>|| and =!!</,/ >£>*,»* II: 



it follows from [Rfl, 3.1] that || || = || ||_d*,«* an d that the completion 
of C C {M) with respect to this norm gives, by continuity, an equivalence 
bimodule between D <T ' U and D^ ,u * . 
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Q.E.D. 



Corollary 2.12 With the assumptions of Theorem 2.11, the algebras 
C*(H,C (M) x\G) and C*(G,C (M) x a H) are strong-Morita equivalent. 



Proof: 



The proof follows from Proposition 2.3, Theorem p. 11 , and [Rf4, 1.7]. 

Q.E.D. 



3 Applications to quantum Heisenberg manifolds. 

In this section we apply the previous results to the computation of the Re- 
groups of the quantum Heisenberg manifolds. We recall the basic results 



and definitions concerning those algebras. We refer the reader to RfE] for 
further details. 

For each positive integer c, the Heisenberg manifold M c consists of the 
quotient G/D c , where G is the Heisenberg group 



G 




; for real numbers x,y,z 



and D c is the discrete subgroup obtained when x, y and cz above are integers. 

The set of non-zero Poisson brackets on M c that are invariant under the 
action of G by left translation can be parametrized by two real numbers \i 
and v, with y? + v 2 ^ 0. A deformation quantization {-D^jfre-R of M c in 
the direction of a given invariant Poisson bracket was constructed in 
| Rf5| . 

The algebra D?£ can be described as a generalized fixed-point algebra 
as follows. Let M = R x T and and a be the commuting actions of Z on 
M induced by the homeomorphisms 

A fi (x, y) = [x + 2%n, y + 2%v) and a(x, y) = (x — 1, y). 

Consider the action p of Z on Cq{R x T) x a r Z given by 

{Pk$){x,y,P) = e(ckp(y - hpv))$(x + k,y,p), 
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where e(x) = exp(2irix) for any real number x. The action p defined above 



corresponds to the action p defined in [ Rf5 , p. 539], after taking Fourier 
transform in the third variable to get the algebra denoted in that paper by 
A% , and viewing A% as a dense *-subalgebra of Cq(R xT) x a b Z via the 



embedding J defined in | Rf5 , p. 547]. 

Notice that, for M = R x T, G = H = Z, and % ^ 0, the actions 
A s and a satisfy the hypotheses of Section || and that the action p defined 
above corresponds, in that context, to the action we denoted by y> u ( where 
u : Z x Z -> ZUM{C {R x T) is the 2-cocycle defined by 

u(p, k) = e(ckp(y — hpu)), 



for p,k G Z. Besides, [Rf5, Theorem 5.4] shows that the algebra Dffi is the 



generalized fixed-point algebra of Cq{R x T) x a r Z under the action p, and 
it follows from the proof of that theorem that is the algebra that we 
denote, in the context of Section ^, by D a,u . 



Remark 3.1 We will also use the fact that the algebra D9^ consisting of 
functions $ € C C ((3(R x T) x Z) satisfying pk(&) = $ /or all k £ Z is a 



dense *-subalgebra of DfiJ) . This follows from Remark |^.-^| , Proposition 2.7, 
and from the fact that R x T/a is compact. 



Theorem 3.2 For h ^ the K-groups of D^f} do not depend on h. 



Proof: 



It follows from Theorem 2.11 that, for h~ ^ 0, D?}J} is strong-Morita 



equivalent to the generalized fixed-point algebra E c ^ of Cq(R x T) x ct Z 
under the action of Z defined by 

(7p 3>)(x, y, /c) = e(—ckp(y — %pv))§{x — 2php, y — 2pTiv, k). 



Now, by Proposition 2.3, 7 



Besides, h 



is saturated, so we have ( [ |Rf4| , Corollary 1.7]) 



that D^'H - is strong-Morita equivalent to Cq(R x T) x a Z x ^ Z. 



A is a homotopy between the A s, which shows ( 



10.5.2]) that the K-groups of Cq(R x T) x a Z x^ x n Z do not depend on h. 
On the other hand, since strong-Morita equivalent separable C*-algebras are 
stably isomorphic ([BGR]) and therefore have the same K-groups, we have 



proven that the K-groups of Dffi, for h 7^ 0, do not depend on h~. 
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Q.E.D. 



ft c 1 

Notation. Since the algebras D^jf and hl/ are isomorphic, we drop from 
now on the constant fi from our notation and absorb it into the parameters 

Remark 3.3 Notice that, since for any pair of integers k and I the algebras 
D^ v and D^ +k u+l are isomorphic ( \A}\] ), the assumption Ti ^ in Theorem 



S.i can be dropped. 



Theorem 3.4 K (D^ U ) 9* Z 3 + Z c and Ki(D^ v ) ^ Z 3 . 
Proof. 



In view of Theorem 3.2 and Remark |3.3| , it suffices to prove the theorem for 
the commutative case where D c = C(M C ). 

After reparametrizing the Heisenberg group we get that M c = G/ H c where 

1 y z/c ^ 
O -4101 x 

1 j 



1 


m 


p/c 





1 


Q 








1 



: x, y, z G R > and H c = < 1 q : m, p, q G 



We first use |Ro| , Corollary 3] to reduce the proof to the computation of the 
K-theory of C*(H C ). 

The group C*-algebra C*(H C ) is strong-Morita equivalent to C(G/H C ) x G, 



where G acts by left translation |Rf2| , Example 1]. Now, G is nilpotent and 
simply connected so we have 

G = Rx\ R x R 

as a semi-direct product. 
Therefore 

C{G/H C ) x G ~ C{G/H C ) xRx\Rx R, 
and Connes'-Thom isomorphism (jBj, 10.2.2]) gives 

Ki{C*{H c )) = Ki(C(G/H c ) x G) = Ki-i(C(G / H c )) = K X ^{C{M C )). 
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So it suffices to compute Ki(C*(H c )). The computation was made in 



[ AP , Prop. 1.4] for the case c=l, and the general case can be obtained with 
slight modifications to their proof. We first write H c as a semi-direct prod- 
uct, so its group C*-algebra can be expressed as a crossed product algebra. 
Then, by using the Pimsner-Voiculescu exact sequence ([Bl, 10.2.1]), we get 
its K-groups. 

Let 

10 

A" : { | I \:m.p.eZ) and K {\ 1 q \ : q € Z 

1 

Then H c = N x Qc K, where a c is conjugation. If we identify in the 
obvious way N and K with Z 2 and Z respectively, we have that H c ~ 
Z 2 x ac Z, where a c (q)(m,p) = (m,p — cmq). Then the Pimsner-Voiculescu 
exact sequence yields: 

K (C(T 2 )) K (C(T 2 )) K (H C ) 




$ T 15 
Kl{Hc) ^- K^CiT 2 )) id ^* Ki(C(T 2 )) 



It was shown on [|AP| , Prop. 1.4] that id = a\ t on Kq(C(T 2 )) and, since 
= af, it follows that id = a Ct on Kq(C(T 2 )) for any c. Thus we get the 
following short exact sequences: 

— ► Z 2 — ► K (H C ) Ker(id-a c J — ► 



— ► Ki{C{T 2 ))/Ker{id-a Ct ) — > K X {H C ) -U Z 2 — > 0, 

where id — a Ct is the map on Ki{C{T 2 )). 

Let us now compute id — a Ct on K\(C{T 2 )). We have identified C(T 2 ) 
with C*(Z 2 ) via Fourier transform, so the automorphism a c on C(T 2 ) be- 
comes (a c f)(x,y) = f(x-cy,y). Now, K 1 (C(T 2 )) = Z 2 if we identify [ui] Kl 
and [u2]_fc: 2 with (1,0) and (0,1) in Z 2 , respectively, where u\{x,y) = e(x), 
U2(x,y) = e(y) for all (x,y) E T 2 Then, for (a, b) £ Z 2 we have 

(id — a c>t ) (a, b) = (a, b) — (a, b — ac) = (0, ac) . 
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This shows that 

Ker(id - a c J = Z © {0} C Z 2 , Im(id - a c J = {0} © cZ c Z 2 . 
So the exact sequences above become: 

— > Z 2 — ► K (H C ) — > Z — > 
— ► Z + Z c — ► K^Hc) — > Z 2 — ► 0. 

Therefore 

tfi = ^o(^c) =^ 3 and K (^J = #i(#c) = Z 3 + Z c . 

Q.E.D 
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